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0. Introduction
The general approach to the concept of a ﬁbrant object is the following (cf. [5]): for a given class Σ of morphisms of
a category C , an object Y of C is called Σ-ﬁbrant if for every morphism s ∈ Σ , s : A → X , and every morphism f : A → Y
there exists a morphism F : X → Y such that F ◦ s = f . The classical ﬁbrant objects appear in [11] for the closed model
categories, where Σ is the class of trivial coﬁbrations.
A ﬁbrant space in the sense of F. Cathey [8] is a Σ-ﬁbrant object, where Σ is the class of SSDR-maps in the category of
metrizable spaces. For example, ANR-spaces as well as inverse limits of ANR-spaces bonded by ﬁbrations are ﬁbrant spaces.
In the present paper we consider the equivariant version of a ﬁbrant space introduced in [6].
One of the reasons to introduce the notion of ﬁbrant G-spaces is its role in the construction of the equivariant strong
shape category in [7]. Another motive is represented by the main result of this paper (Theorem 5.1): if H is a closed
subgroup of a compact metrizable group G , then the homogeneous space G/H is a ﬁbrant G-space. In particular, all the
orbits of any G-space are equivariant ﬁbrant spaces.
It is known that every compact metrizable group G can be regarded as the inverse limit of a sequence of Lie groups
bonded by ﬁbrations, and therefore it is a ﬁbrant space in the sense of F. Cathey. In [6] it was shown that G is also a ﬁbrant
space in the equivariant sense. In the present paper we generalize this fact.
Naturally, in order to prove our main theorem, we represent the quotient space G/H as the inverse limit of a sequence
of G-ANR-spaces bonded by maps, which are equivariant ﬁbrations or G-ﬁbrations. For this, ﬁrst of all, we utilize the
well-known result of R.S. Palais [9, Corollary 1.6.7]: if H is a closed subgroup of a compact Lie group G , then G/H is a G-
ANR. On the other hand, we have to prove some statements concerning special cases of G-ﬁbrations. Proposition 2.2 and
Proposition 5.5 are in fact key points in the proof of the main result.
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The basic deﬁnitions and facts of the theory of G-spaces can be found in [4]. In this section we shall recall some of
them.
The letters G and e will denote a compact Hausdorff group and its unit element respectively.
A G-space is a topological space X together with a ﬁxed continuous left action G × X → X , (g, x) → g · x, of G on X ; g · x
also will be denoted simply by gx. A subset A ⊂ X is invariant or G-invariant if ga ∈ A for all a ∈ A and g ∈ G . A G-map or
an equivariant map f : X → Y between G-spaces is a continuous map satisfying f (g · x) = g · f (x) for all g ∈ G and x ∈ X .
Given a closed subgroup H of G , we can consider the homogeneous space G/H which is the quotient space of G consisting
of left cosets xH for x ∈ G . Clearly G/H is a G-space with the action g · (xH) = (gx)H and the natural projection π : G →
G/H , x → xH is a G-map.
Let N be a closed normal subgroup of G and let X be a G-space. For every point x ∈ X , the set N(x) = {nx | n ∈ N} is called
the N-orbit of x. The set X/N = {N(x) | x ∈ X}, which is a quotient space of X , is called the N-orbit space of X . The space
X/N is a G/N-space with the action gN · N(x) = N(gx). Every G-map f : X → Y induces a G/N-map f /N : X/N → Y /N
given by ( f /N)(N(x)) = N( f (x)).
For any H-space X , where H is a closed subgroup of G , the twisted product G ×H X is deﬁned as the orbit space of the
H-space G × X with respect to the action h · (g, x) = (gh−1,hx). The twisted product G ×H X is a G-space with the action
given by g′ · [g, x] = [g′g, x], where [g, x] denotes the H-orbit of (g, x) ∈ G × X . Moreover, every H-map f : X → Y induces
a G-map G ×H f : G ×H X → G ×H Y deﬁned by (G ×H f )[g, x] = [g, f (x)].
Let X and Y be G-spaces. A homotopy F : X × I → Y , where I = [0,1], is called a G-homotopy, if F (gx, t) = gF (x, t) for
all g ∈ G , x ∈ X and t ∈ I . Thus F is a G-map, considering X × I as a G-space with the action g · (x, t) = (gx, t). Note also
that for every t ∈ I the map Ft : X → Y , x → F (x, t) is a G-map.
Let A be an invariant subset of X . A G-homotopy F : X × I → Y is relative to A when F (a, t) = F (a,0) for all a ∈ A and
t ∈ I . Two G-maps f0, f1 : X → Y such that f0|A = f1|A are called G-homotopic relative to A, written f0 G f1 (rel A), if
f0 = F0 and f1 = F1 for some G-homotopy F : X × I → Y relative to A.
By G-ANR it is denoted a G-equivariant absolute neighborhood retract for all G-metrizable spaces (see, for instance, [1–3]
for the equivariant theory of retracts). It is known [2] that a metrizable G-space Y is a G-ANR if and only if it is G-ANE, in
other words, it has the following extension property: for any G-map f : A → Y , where A is a closed invariant subset of a
metrizable G-space X , there exists a G-map f : U → Y such that f |A = f , where U is some invariant neighborhood of A
in X .
2. Regular G-ﬁbrations
By G-ﬁbration we shall mean an equivariant version of Hurewicz ﬁbration: a G-map p : E → B is a G-ﬁbration if it has
the right lifting property with respect to the G-embedding X ↪→ X × I , x → (x,0), where X is arbitrary G-space.
We say that a G-map p : E → B is a regular G-ﬁbration, if for every closed invariant subset A of a G-space X and every
commutative diagram of G-maps
X E
X × I B

δ0
f

p

F
where δ0(x) = (x,0) and F is a G-homotopy relative to A, there exists a G-homotopy F˜ : X × I → E also relative to A such
that F˜ ◦ δ0 = f and p ◦ F˜ = F .
Proposition 2.1. Let p : E → B be a G-ﬁbration. If B is a metrizable G-space, then p is a regular G-ﬁbration.
The proof of this statement is analogous to the well-known proof for the non-equivariant case and involves the following
fact [2, Proposition 5]: every metrizable G-space B admits a compatible invariant metric, that is a metric d for which
d(gx, gy) = d(x, y) for all g ∈ G and x, y ∈ B .
The following statement will be essentially used in the proof of the main result of the paper.
Proposition 2.2. Let H be a closed subgroup of a metrizable group G. If H is a compact Lie group, then the natural projection π : G →
G/H is a regular G-ﬁbration.
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X G
X × I G/H

∂0
f

π
F
where ∂0(x) = (x,0) and F is a G-homotopy relative to some closed invariant subset A ⊂ X .
Note that the existence of the G-map f : X → G implies that the action of the group G on X is of a quite simple
structure. Indeed, let S = f −1(e), where e is the unit element of the group G , and let ρ : X → S be a map deﬁned by
ρ(x) = ( f (x))−1x. Then ρ is a retraction such that ρ(gx) = ρ(x) for any g ∈ G , x ∈ X . Now consider the product G × S
as a G-space endowed with the action g(g′, s) = (gg′, s). It can be easily veriﬁed that the map ϕ : X → G × S , given
by ϕ(x) = ( f (x),ρ(x)), is a G-map and, moreover, it is a G-homeomorphism because the G-map ψ : G × S → X , where
ψ(g, s) = gs, is the inverse map for ϕ .
Let U = A ∩ S . Note that U = ρ(A) (more precisely, U is a retract of A under the retraction ρ|A : A → U ). Indeed, if
a ∈ A, then ρ(a) = ( f (a))−1(a) ∈ A and therefore ρ(A) ⊆ A ∩ S . On the other hand, u = ρ(u) ∈ ρ(A) for every u ∈ U .
Now let F ′ = F |S×I . Then F ′ is a homotopy relative to U .
Since H is a Lie group, the projection π : G → G/H is a locally trivial ﬁbration (see [4, Chapter II, Theorem 5.8]) and
hence it is a regular Hurewicz ﬁbration because G/H is metrizable. Therefore for the commutative diagram
S G
S × I G/H

δ0
f
′

π
F ′
where f ′(s) = e and δ0(s) = (s,0) for s ∈ S , we can ﬁnd a ﬁller F˜ : S × I → G such that F˜ (u, t) = e for every u ∈ U , t ∈ I .
Finally, the required G-homotopy H˜ : X × I → G can be deﬁned by
H˜(x, t) = f (x) F˜ (ρ(x), t).
The veriﬁcation of this fact is straightforward. First of all, let us notice that H˜ is a G-map because
H˜(gx, t) = f (gx) F˜ (ρ(gx), t)= g f (x) F˜ (ρ(x), t)= gH˜(x, t).
Moreover, we have H˜(x,0) = f (x) F˜ (ρ(x),0), but
F˜
(
ρ(x),0
)= F˜ ◦ δ0(ρ(x))= f ′(ρ(x))= e,
and hence H˜(x,0) = f (x). Since π ◦ F˜ = F ′ , explicitly F˜ (s, t)H = F ′(s, t) for every (s, t) ∈ S × I , we get
π
(
H˜(x, t)
)= π( f (x) F˜ (ρ(x), t))= [ f (x) F˜ (ρ(x), t)]H
= f (x)[ F˜ (ρ(x), t)H]= f (x)F ′(ρ(x), t)= f (x)F (ρ(x), t)
= F ( f (x)ρ(x), t).
By the deﬁnition of ρ , we have f (x)ρ(x) = x for every x ∈ X . Thus π(H˜(x, t)) = F (x, t) for every (x, t) ∈ X × I , that is
π ◦ H˜ = F .
Besides, if a ∈ A, we have ρ(a) ∈ U , and therefore,
H˜(a, t) = f (a) F˜ (ρ(a), t)= f (a)e = f (a)
for any t ∈ I . 
3. Fibrant G-spaces
In this section we work in the category MG of metrizable G-spaces and G-maps. If X and Y are G-spaces, then the
set of all the continuous maps X → Y , denoted by M(X, Y ) and endowed with compact-open topology, can be treated as
a G-space with the G-action · given by (g · f ) = g f (g−1x) (it is metrizable if X is compact). Note that the set of G-ﬁxed
points of M(X, Y ) is exactly MG(X, Y ), the set of all the G-maps X → Y .
A G-space Y is called an equivariant ﬁbrant space or a ﬁbrant G-space if for every G-SSDR-map s : A ↪→ X and every
G-map f : A → Y , there exists a G-map F : X → Y such that F ◦ s = f .
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properties of G-SSDR-maps) can be found in [7].
Theorem 3.1. Let a G-map s : A ↪→ X be a closed inclusion. Then the following conditions are equivalent:
(a) s is G-SSDR-map;
(b) for any G-map f : A → Y , where Y is G-ANR, there is a G-extension f˜ : X → Y such that f˜ ◦ s = f , and if f˜1, f˜2 : X → Y are
any two such extensions, then f˜1 G f˜2 (rel s(A));
(c) for any G-ﬁbration p : E → B, where E and B are G-ANRs and any commutative diagram of G-maps
A E
X B

s
f

p

F
there exists a G-map F˜ : X → E such that F˜ ◦ s = f and p ◦ F˜ = F ;
(d) the map
s∗ : MG(X, P ) → MG(A, P )
given by s∗( f ) = f ◦ s, is a trivial Serre ﬁbration for every G-ANR-space P .
Theorem 3.1 has various important consequences. For instance, every G-ANR is a ﬁbrant G-space. The proofs of the
following two corollaries are simple and similar to the corresponding proofs of the non-equivariant case given in [8].
Corollary 3.2. Let A be a closed invariant subset of G-space X.
(i) X × 0∪ A × I ↪→ X × I is a G-SSDR-map.
(ii) If the embedding A ↪→ X is a G-SSDR-map, then
X × 0∪ A × I ∪ X × 1 ↪→ X × I
is a G-SSDR-map.
Corollary 3.3. Let A be closed invariant subset of a G-space X. Then the pair (X, A) has the equivariant homotopy extension property
with respect to every ﬁbrant G-space.
The latter corollary is a generalization of the well-known analogous property for G-ANRs (see [1, Theorem 5]).
We say that a G-map p : E → B is a strong G-ﬁbration if it has the right lifting property with respect to all G-SSDR-maps.
It is easy to verify the following statements.
Proposition 3.4. If E and B are ﬁbrant G-spaces, then every G-ﬁbration p : E → B is a strong G-ﬁbration.
Proposition 3.5.
(i) Let p : E → B be a strong G-ﬁbration. If B is a ﬁbrant G-space, then E is also a ﬁbrant G-space.
(ii) If E = {Ei, p ji } is an inverse sequence of ﬁbrant G-spaces and G-ﬁbrations, then E = lim←− E is a ﬁbrant G-space and all the natural
projections pi : E → Ei are G-ﬁbrations.
Corollary 3.6. If Y = {Yi, p ji } is an inverse sequence of G-ANR spaces and G-ﬁbrations, then Y = lim←− Y is a ﬁbrant G-space and all
the natural projections pi : Y → Yi are G-ﬁbrations.
4. Change of groups
Every group homomorphism f : G ′ → G induces the restriction functor from the category of G-spaces to the category of
G ′-spaces: if X is a G-space, then the G ′-action · on X is deﬁned by g · x = f (g)x. If H is a subgroup of a group G , then
every G-space and every G-map can be considered as an H-space and an H-map respectively due to the restriction functor
induced by the natural inclusion H ↪→ G . Similarly, if N is a normal subgroup of a group G , then every G/N-space and
every G/N-map can be considered as a G-space and a G-map respectively due to the restriction functor induced by the
natural projection G → G/N . We recall some facts concerning these two restriction functors because they will be used in
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homomorphism is a composition of an epimorphism and a monomorphism.
Let H be a closed subgroup of a compact group G . Note that the restriction functor MG → MH , induced by the inclusion
H ↪→ G , is a right adjoint to the functor of twisted product G ×H − : MH → MG . More precisely, if X is an H-space and
Y is a G-space, then for every H-map f : X → Y there exists a unique G-map f̂ : G ×H X → Y such that the diagram
X G ×H X
Y

f
i X

 f̂
commutes, where the H-map i X is deﬁned by i X (x) = [e, x]. Clearly, the G-map f̂ is given by f̂ ([g, x]) = g f (x).
In particular we get the natural bijection
MH (X, Y ) → MG(G ×H X, Y ), f → f̂ .
This fact will be used in the quite elementary proof of the following statement.
Proposition 4.1. Let H be a closed subgroup of a compact metrizable group G. Then:
(a) If E is a G-ANR, then E is an H-ANR.
(b) If p : E → B is a G-ﬁbration, then p is an H-ﬁbration.
(c) If s : A ↪→ X is an H-SSDR-map, then the induced G-map
G ×H s : G ×H A → G ×H X
is a G-SSDR-map.
(d) If p : E → B is a strong G-ﬁbration, then p is also a strong H-ﬁbration.
(e) If E is a ﬁbrant G-space, then E is a ﬁbrant H-space.
Proof. Recall ﬁrst that, at least for Hausdorff H-spaces X , the projection G × X → G ×H X , (g, x) → [g, x] is a closed map
because G is compact. Therefore the H-map i X : X → G×H X is closed inclusion and, for every closed H-inclusion s : A ↪→ X ,
the G-map G ×H s : G ×H A ↪→ G ×H X is a closed inclusion.
Let p : E → B be a G-map and let an H-map s : A → X be a closed inclusion. Throughout the whole proof we consider
the following commutative diagram
A E
G ×H A
G ×H X
X B
	i A
f

s

p





f̂
s
	
F̂
F




i X
where f and F are H-maps and s = G ×H s. Observe that the existence of a ﬁller
F : G ×H X → E
is equivalent to the existence of a ﬁller F˜ : X → E due to the natural bijection mentioned above.
(a) Let A be a closed invariant subset of an H-space X and let s be the corresponding inclusion. We shall need only the
upper part of the diagram, so one can suppose that B = ∗. Since E is G-ANE, there exist a G-invariant neighborhood U of
G ×H A in G ×H X and a G-map f : U → E such that f |G ×H A = f̂ . Then V = i−1X (U ) is an H-invariant neighborhood of A
in X and ( f ◦ i X )|V : V → E is the required extension of f in order to state that E is an H-ANR.
(b) Let X = A × I and s(a) = (a,0). Clearly, G ×H (A × I) can be identiﬁed with (G ×H A) × I (by means of [g, (a, t)] →
([g,a], t)) and s([g,a]) = ([g,a],0). If p is a G-ﬁbration, then there is a ﬁller F : (G ×H A) × I → E . Therefore the H-map
F˜ : A × I → I , F˜ = F ◦ i X is also a ﬁller of the diagram. This proves that p is an H-ﬁbration.
(c) In order to prove that s : G ×H A → G ×H X is a G-SSDR-map, it is suﬃcient to show, according to Theorem 3.1(c),
that for any G-ﬁbration p : E → B of G-ANR-spaces E and B , there exists a ﬁller F : G ×H X → E of the diagram. Let p be
such a G-ﬁbration. Since p is also an H-ﬁbration of H-ANR-spaces (by (a) and (b)), there is a ﬁller F˜ : X → E by the same
theorem, but this implies the existence of the required ﬁller F .
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G-SSDR-map by (c). So, there is a ﬁller F : (G ×H X) → E and, consequently, there exists a ﬁller F˜ : X → E .
(e) Clearly, E is a ﬁbrant G-space if and only if p : E → ∗ is a strong G-ﬁbration, where ∗ is a single point space. Thus
E is also a ﬁbrant H-space, because p is a strong H-ﬁbration by (d). 
Remark. The requirement for the group G to be metrizable in the above proposition is necessary in order to have G ×H X
as a metrizable G-space for a given metrizable H-space X . According to Proposition 3 of [3], this condition can be changed
by a weaker one: the quotient space G/H must be metrizable.
Now let N be a closed normal subgroup of a group G . If X is a G-space and Y is a G/N-space, then for every G-map
f : X → Y there exists a unique G-map f ′ : X/N → Y such that the diagram
X X/N
Y
f
pX
 f ′
commutes, where the G-map pX is deﬁned by pX (x) = Nx. Clearly, the map f ′ is given by f ′(Nx) = f (x).
The existence of the natural bijection
MG(X, Y ) → MG/N(X/N, Y ), f → f ′
means that the restriction functor MG/N → MG induced by the projection G → G/N is a right adjoint to the N-orbit
functor of −/N : MG → MG/N .
Therefore the proof of the following statement is a simple repetition of the proof of Proposition 4.1.
Proposition 4.2. Let N be a closed normal subgroup of a compact group G. Then:
(a) If E is a G/N-ANR, then E is a G-ANR.
(b) If p : E → B is a G/N-ﬁbration, then p is also a G-ﬁbration.
(c) If s : A → X is a G-SSDR-map, then the induced map
s/N : A/N → X/N
is a G/N-SSDR-map.
(d) If p : E → B is a strong G/N-ﬁbration, then p is also a strong G-ﬁbration.
(e) If E is a ﬁbrant G/N-space, then E is a ﬁbrant G-space.
5. G/H as an equivariant ﬁbrant space
The main result of this paper is the following
Theorem 5.1. Let H be a closed subgroup of a compact metrizable group G. Then G/H is a G-ﬁbrant space.
The proof of this theorem will be given at the end of this section as an immediate consequence of the forthcoming
propositions.
Proposition 5.2. ([9, Proposition 1.6.6]) Let H be a closed subgroup of a compact Lie group G. Then G/H is a G-ANR space.
The following result is actually proved in the classical book of Pontrjagin [10]. Note that it can be easily obtained
from Corollary 4.4 of [4]: for every neighborhood U of the unit e of a compact group G , there exists a homomorphism
ϕ : G → O(n) such that kerϕ ⊆ U .
Proposition 5.3. Let G be a compact metrizable group. Then there exists a decreasing sequence {Ni}i∈N of its normal closed subgroups
such that the quotient groups G/Ni are Lie groups,
⋂
i∈N Ni = {e} and
lim←−
{
G/Ni,q
j
i
}= G
where q ji : G/N j → G/Ni , j  i, are the natural projections.
For the convenience of a reader, we give a routine proof of the following statement (see also [2, Theorem 9]).
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i∈N Ni = {e}. If X is a Hausdorff G-space, then
X = lim←−
{
X/Ni, p
j
i
}
where p ji : X/N j → X/Ni , j  i, are the natural projections.
Proof. We shall show that X with the family of the natural projections {pi : X → X/Ni}i∈N has the universal property of
inverse limit.
Let Y be a G-space and let { f i : Y → X/Ni}i∈N be a family of G-maps such that p ji ◦ f j = f i for i  j. Suppose Ni(xi) =
f i(y) for a given y ∈ Y and for all i. Then Ni(xi) ⊇ N j(x j) for i  j and, consequently, ⋂i∈N Ni(x) is not empty (as an
intersection of a decreasing sequence of non-empty compact spaces), more precisely, it is a single point set {xy} for some
xy ∈ X . Hence a unique map f : Y → X for which pi ◦ f = f i can be deﬁned by putting f (y) = xy for each y ∈ Y .
Now let A be a closed subset of X . Then
f −1(A) ⊆ f −1(p−1i
(
pi(A)
))= f −1i
(
pi(A)
)
for all i ∈ N. On the other hand, if y ∈⋂i∈N f −1i (pi(A)), then p( f i(y)) ∈ pi(A), in other words, Ni( f (y)) ∩ A = ∅ for every
i ∈N. We conclude that f (y) ∈ A, because in the contrary case we have Ni( f (y)) ⊂ X \ A for some i remembering that A is
closed. Thus
f −1(A) =
⋂
i∈N
f −1i
(
pi(A)
)
.
Recall that all the projections pi : X → X/Ni are closed maps [4, Chapter I, Theorem 3.1] since X is Hausdorff and the
groups Ni are compact. Hence f −1(A) is closed and therefore the map f is continuous. It is easy to verify that f is a
G-map since the maps f i and pi are equivariant. This proves the proposition. 
Let H be a closed subgroup and let N be a closed normal subgroup of a compact group G . Let Ĥ = {hN | h ∈ H} ⊂ G/N .
Then Ĥ is a closed subgroup of G/N as the image of the closed subgroup H under the natural projection qN : G → G/N
which is a continuous homomorphism. Note also that q−1N (Ĥ) = NH = HN . We obtain the following commutative diagram
of natural G-homeomorphisms
(G/H)/N (G/N)/Ĥ
G/(NH)

α
γ


β
where as usual (G/H)/N is the N-orbit space with respect to the natural left action of N on G/H . Obviously, the G-
homeomorphisms (which can be also regarded as G/N-homeomorphisms) α, β and γ are deﬁned as follows: α(N(gH)) =
gNH , β(gNH) = (gN)Ĥ and γ (N(gH)) = (gN)Ĥ .
Proposition 5.5. Let H be a closed subgroup of a compact Lie group G. If N is a closed normal subgroup of G, then the N-orbit
projection p : G/H → (G/H)/N is a G-ﬁbration.
Proof. Suppose a G-space X , a G-homotopy F : X × I → (G/H)/N and a G-map f : X → G/H are such that (p ◦ f )(x) =
F (x,0) for every x ∈ X .
Let S = f −1(eH). It is easy to see that S is an H-invariant subspace of G and the map ψ : G ×H S → X , [g, s] → gs is a
G-homeomorphism. Consider the following commutative diagram
S G ×H S X G/H
S × I (G ×H S) × I X × I (G/H)/N
i S

δ0
ψ

δ˜0
f

∂0

p

i S×id

ψ×id

F
where ∂0(x) = (x,0), δ0(s) = (s,0), δ˜0(z) = (z,0) and i S(s) = [e, s].
The G-space (G ×H S) × I can be naturally identiﬁed with G ×H (S × I) (due to a G-homeomorphism deﬁned by
([g, s], t) → [g, (s, t)]), and therefore the H-map i S × id can be viewed as i S×I , which induces the bijection
MH (S × I, Y ) → MG
(
G ×H (S × I), Y
)
A. Bykov / Topology and its Applications 157 (2010) 2604–2612 2611for every G-space Y (see Section 4). Hence the existence of an H-map ϕ : S × I → G/H as a ﬁller of this diagram is
equivalent to the existence of a ﬁller G-map
(G ×H S) × I → G/H
and, consequently, of a ﬁller X × I → G/H because ψ and ψ × id are G-homeomorphisms. Thus it is suﬃcient to ﬁnd a
ﬁller ϕ in order to ﬁnish the proof.
For simplicity, denote the H-maps f ◦ψ ◦ i S and F ◦ (ψ × id) ◦ (i S × id) by θ and Θ respectively. Note that θ(s) = eH for
every s ∈ S . Now let us construct the following commutative diagram
G
S G/H G/N
S × I (G/H)/N (G/N)/Ĥ

qH




qN





θ0
θ

δ0

p

q
Θ γ
where qH , qN and q are the natural projections and θ0(s) = e for every s ∈ S .
Since N and Ĥ (being closed subgroups of the Lie groups G and G/N) are compact Lie groups, the G-maps qN and q
are G-ﬁbrations according to Proposition 2.2. Hence q ◦ qN is a G-ﬁbration and the composition p ◦ qH is a G-ﬁbration too,
because γ is a G-homeomorphism. In particular, p ◦ qH is an H-ﬁbration by Proposition 4.1(b), and therefore there exists
an H-map θ˜ : S × I → G such that p ◦ qH ◦ θ˜ = Θ and θ˜ ◦ δ0 = θ0. Clearly, the H-map ϕ = qH ◦ θ˜ is the required ﬁller. 
Corollary 5.6. Let H be a closed subgroup of a compact group G. If K and N are normal closed subgroups of G such that K ⊆ N and
G/K is a Lie group, then the natural projection q : (G/H)/K → (G/H)/N induced by the inclusion K ↪→ N is a G-ﬁbration of G-ANR
spaces.
Proof. Consider the natural projection qK : G → G/K and the closed subgroups Ĥ = qK (H) and N̂ = qK (N) of the Lie group
G/K . Note that N̂ is normal and hence N̂ Ĥ is a subgroup of G/K . Since q−1K (Ĥ) = K H and q−1K (N̂ Ĥ) = KNH = NH , the
homomorphism qK induces the G-homeomorphisms βK and βN in the commutative diagram
(G/H)/K G/(K H) (G/K )/Ĥ
(G/H)/N G/(NH) (G/K )/(N̂ Ĥ) ((G/K )/Ĥ)/N̂
αK

q
βK

q′
̂
q
	
p
αN βN η
where the natural G-maps, corresponding to all the horizontal arrows, are G-homeomorphisms.
By Proposition 2.2, p is a G/K -ﬁbration and by Proposition 4.2(b), it is a G-ﬁbration. Consequently, q as well as the
natural projections q′ and q̂ are G-ﬁbrations.
Finally, since G/K is a Lie group, (G/K )/Ĥ and (G/K )/(N̂ Ĥ) are G/K -ANRs by Proposition 5.2, and hence they are
G-ANRs. Thus (G/H)/K and (G/H)/N are G-ANRs. 
Proof of Theorem 5.1. By Proposition 5.3, there exists a decreasing sequence {Ni}i∈N of normal closed subgroups of the
group G such that the quotient groups G/Ni are Lie groups and
⋂
i∈N Ni = {e}. Applying Proposition 5.4 we can represent
the space G/H as the inverse limit
G/H = lim←−
{
(G/H)/Ni,q
j
i
}
,
where q ji : (G/H)/N j → (G/H)/Ni , j  i, are the natural projections.
According to Corollary 5.6, in the sequence {(G/H)/Ni,q ji }, all the spaces (G/H)/Ni are G-ANR spaces and all the G-
maps q ji are G-ﬁbrations. Therefore G/H , as the inverse limit of this sequence, is a ﬁbrant G-space by Corollary 3.6. 
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